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INTRODUCTION 
BY A SURVACE we shall always mean a smooth projective surface defined over C. 
It is well-known that for an elliptic surface X over a base B the Picard Number N is given 
by the formula N = r + 2 + ~ (m v - 1) where r is the rank of the divisor class group of the 
v=l  
associated curve of genus one over the generic point of B and my denotes the number of 
irreducible components in the singular fiber C~, {Cv }1 <v<, being the singular fibers of the 
elliptic surface. When the elliptic surface X has a section over the base B, r is in fact the rank of 
the Mordell-Weil group of the associated elliptic curve over the generic point of B. 
Since the Picard Number is defined as dimoH l (X, f~lx) c~ H 2 (X, Q) it is clear that N 
< h L1 where h LI = dim cHI (X ,~) .  
The purpose of this paper is to study elliptic surfaces for which h 1'~ = N and r = 0. 
We prove the following theorem which classifies uch surfaces in the case J (the functional 
invariant of X in the sense of Kodaira) is nonconstant. See § 1 for definition of J. 
Denote the ramification index of J at p by ep for p e B. 
THEOREM 3.1. An elliptic surface X over a base B with J non constant has N = h 1"1 and r 
= 0 if and only i f J  is ramified only over 0,1 and oo, ep = 1, 2 or 3 when J (p) = O, ep = 1 or 2 
when J (p) = 1 and X has no singular fibers of the types I~, II, 11I and IV. (The notation for 
singular fibers is the same as in Kodaira, Ref. 1) 
In [2] Shioda has studied a certain class of elliptic surfaces called elliptic modular 
surfaces. He has shown that for elliptic modular surfaces N = h 1'1 and r = 0. (cf. 2, Theorem 
5.1) 
Recall that to a subgroup F of SL 2 (Z) of fnite index not containing-Id, we can associate 
a unique elliptic surface Xr  with base B where B is the compactification f the Riemann 
surface J f ' /F  where ~ = {ze C IImz > 0}. 
In §2 we have defined a class of elliptic surfaces with sections called Special Elliptic 
Surfaces. We have a subclass of the class of special elliptic surfaces which we have called 
Generalized Elliptic Modular Surfaces. They arise from a situation similar to but more 
general than elliptic modular surfaces. Instead of a subgroup F of finite index of SL 2 (Z) not 
containing - Id  we start from a subgroup F of finite index of PSL  2 (Z). We show that there 
are only finitely many lifts p' to SL2 (Z) with some specified properties (cf. Prop. 2.3), of the 
composite map p : nl (B') --., F c PS L 2 ( Z) induced by the embedding F c PS L 2 ( Z), where B' 
is the Riemann surface ~\{ell iptic points}/r. To each pair (F, p') we associate a unique 
elliptic surface X(r,p,)which as the compactification f ~/ r  for its base. We call this the 
generalized elliptic modular surface associated to the pair (F, p'). 
When F = PSL2 (Z) does not contain an element of order 2, p' (rq (B')) does not contain 
- Id. In this case the lift p' in fact gives a lift to SL 2 (Z) of the embedding F ~ PSL  2 (Z) and 
the associated generalized elliptic modular surface is the elliptic modular surface associated 
to p' (r) ~ SL 2 (Z). 
Since special elliptic surfaces atisfy the sufficient condition in Theorem 3.1 they have the 
property N = h 1,t and r = 0. 
In the following two theorems we further classify the class of surfaces of interest o us. 
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THEOREM 3.5. I f  an elliptic surface with a section with J non-constant and no singular 
fibers of the type II* has N = h 1'1 and r = 0 then it is generalized elliptic modular. 
THEOREM 3.6. I f  an elliptic surface with a section with J non-constant and no singular 
fibers of the types l I* and I I I*  has N = h 1'1 and r = 0 then it is elliptic modular. 
The results of this paper are based on the general theory of elliptic surfaces due to 
Kodaira [Ref. 1]. 
The plan of this paper is as follows: 
In §1 we recall certain preliminaries from Kodaira [Ref. 1]. 
In §2 we define both the special elliptic and generalized elliptic modular surfaces and show 
how elliptic modular surfaces arise as a special case of generalized elliptic modular surfaces. 
In §3 we prove the main results of this paper. 
In §4 we study elliptic surfaces with h ~'1 = N and r = 0 when J is constant. 
In §5 we give a few examples. 
I am thankful to Madhav Nori for making me aware of the questions dealt with in this 
paper and for clarifying some ideas. 
I am thankful to Professor S. Ramanan for encouragement and helpful discussions. 
§1. 
DEFINITION. A smooth projective surface is called elliptic if S a surjective holomorphic map 
tp : X --* B where B is a compact smooth curve s.t. the oeneral fiber of the map (p is an elliptic curve 
and there are no exceptional curves of the first kind in the fibers. 
Notation. Pg = dim cH°(X,  f~2x), q = dim cH°(X,  f~lx), 
2 
b i = dim QHi(X, Q), Z((<x) = ~ (-- 1)idim cW(X, (:x), 
i=0 
4 
Ztop(X) = 2 ( - -  1) ib i ,  h l ' l  = d im cHI(X1 f~). 
i=0 
N = dim oHI(X, fl~) c~H2(X, ~). 
Now let ~0:X ~ B be an elliptic surface without multiple fibers. Denote by C~ the fiber over 
aeB.  Let {al} be the finite set of points of B s.t. Co is smooth for a # ai. Let B' = B\{a~}. 
Denote by J the function defined on B' as J (a) = j (z (a)) where j is the elliptic modular 
function and r(a) is an element o f~ '  s.t. { 1, r(a) ~j generate the lattice associated to the elliptic 
curve C a . 
Following Kodaira we call J the functional invariant of the elliptic surface X. J can be 
extended to B as a meromorphic function which is holomorphic on B'. Hence it gives a 
holomorphic map J :B--*  pl. Now X Is, = cP-I(B ')--+ B' is a differentiable fiber bundle. 
Hence the first homology groups of the fibers form a locally constant sheaf on B'. This sheaf 
can be canonically extended to all of B. [Ref. 2, page 126]. Denote this sheaf by G. 
Following Kodaira we call this sheaf the homolooical invariant of the elliptic surface X. 
By extending the finite set we may assume that J (a) # 0, 1, ~ on B'. 
Denote by p':nl (B') ~ SL  2 (7:) the monodromy homomorphism associated to ~0:X ~ B. 
p' gives a representation f nl(B') which determines and is determined by the sheaf G. 
Conversely let J : B ~ P~ be a holomorphic map from a compact Riemann surface to PI. 
Let B' = B\ J - ~ { O, 1, ~. ~ .
Let U' be the universal cover of B' then 3 a holomorphic map w: U' --. ~ s.t. the following 
diagram commutes 
U ~ 
B' 
>~vf 
/ 
\1,~ J j is the elliptic modular function. 
> ~1\,{0,1, ~]. 
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and we have a homomorphism p:nl (B') - ,  PSL  2 (7/). 
Now if p':nl (B')--, SL:(-g) is a homorphism s.t. 
p' 
nl (B') --' SL2 (Z) 
PS L 2 (7~) 
the above diagram commutes, then the locally constant sheaf on B associated to p' belongs to 
J in the sense of Kodaira and hence a unique elliptic surface with section ~0:X --* B can be 
constructed for which G is the homological invariant and J is the functional invariant [Ref. 1 
§8]. 
Note that such a surface is always algebraic. 
We recall a few results from [Ref. 1 and 21 which we shall need later. 
PROPOSITION 1.1. Let X be an elliptic surface tp:X ~ B then for m sufficiently large, m Kx  
is pull back of some line bundle L on B. 
Hence Kx" Kx  = C 2 (X) = O. 
Denote by v (T) the number of singular fibers of the type T in the elliptic fibration tp: X 
B. Let j = deg J. 
PROPOSITION 1.2. Ztop(X)=j+6~v( I * )+2v( I I )+ lOv( l I * )+3v( l l l )+9v( l l I * )  
Ib 
+ 4 v(I I0 + 8 v(I V*). 
1 
Since C2(X) = 0. By Noether's formula Z(Crx) = ]~Ztop(X). Hence 12( l+Pg-q)  
= R.H.S. of the above formula. 
PROPOSITION. 1.3. Let tp:X ~ B be an elliptic surface without multiple fibers and with at 
least one singular fiber then genus of B = q. 
Let (p:X ~ B be an elliptic surface without multiple fibers. Let ~ti 6n I (B') be the loop 
element which goes around a~ once with positive orientation. Denote by (p'(0t~)) the 
conjugacy class of p' (ct i) in SL 2 (Z). Denote by ea, the order of vanishing of J (z) - J (ai) at ai. 
PROPOSITION 1.4. (1) When J (ai) = oo there are two possibilities. Thefiber Ca, is either of 
the type I b or I'~. In either case ea, = b. 
(2) d(a,)  = 0 
(1 
If (p' (~tl)) = __. _ 1 then ea, = 1 (mod 3) 
(0 ,) 
= ----- 1 then eai = 2 (mod 3) 
=+(10 ~) thene  =0(mod3) .  
(3) J (ai) = 1 
i f (p ' (c t l ) )=- t - ( _~ 10) thenea , -1  (mod2) 
=- (10  ~)thenea=-O(mod2) .  
Let J :B  --, p1 be a holomorphic map. Let p:Tt 1 (B') --, PSL 2 (Z) be the associated map. In 
nl (B') ~ generators ill, f12 . . . . .  fl2g Ctl . . . . .  % s.t. n~ (B') is the quotient of the free group on 
• lOt ,  z4  : ~-E  
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these 2g + r generators with the single relation fllfl2fli-~f12 ~ .. fl2g ~ cq .. ~, = Id and for 
each i, cq is a loop in n I (B') which goes around a~ once with positive orientation, g = genus of 
/ / 
B. For (~ d)eSL2(2~)let (~ ~)be  its image in PSL2(~,. Let (p(~,) )  denote the 
\ - -  - - /  
conjugacy class of p (u~) in PSL 2 (Z). Let e. be the ramification i dex of J at a. Then we have 
1 
(P(~') ) = - 1 
(P(~,)) = (01 
(3) ale J - '  {1} then (p(cti)) = (10 
(P(~,))=( ~_ 
1) \ when = 1 (mod 3) 0 eal 
-11) when ea i -2  (mod 3) 
~)whenea i -O(mod2)  
§2. 
We shall need the following general facts before coming to the definition of generalized 
elliptic modular surface. 
Let F c PSL2 (71) be a subgroup of finite index. Denote by B the compactification f the 
Riemann surface ~e / r. Denote by J the composite morphism J: B ~ ;/f / esL2(z) ~ P1 induced 
by the inclusion F c PSL2 (Z). Denote by B' the complement in B of the finite set 
J -  ~ {0, 1, oo } and by {ai } ~ s ~ s, the finite set J -  ~ {0, 1, ~ }. Let e, denote the ramification 
index of J at a. 
PROPOSITION 2.1. The map J : B ~ pl is ramified only over three points 0, 1, oo, e~ = 1 or 3 
when J(a) = 0 and e, = 1 or 2 when J(a' = 1. 
Proof. Since PSL2 (Z) has only two elliptic points and one cusp, it is obvious that the map 
J is ramified only over 0, 1, oo. For a point q e B s.t. J (q) = 0 or 1 choose a representative 
z e~.  Denote by F~ the stabilizer in F of the point z. Then the ramification i dex at q is equal 
to the index of the subgroup F, in PSL2(Z)=. Since PSL2(Z)~ is either of order 2 or 3 
depending whether J (q) = 1 or 0, we get the required result. 
PaoposmoN 2.2. I f  f :  C ~ pl is a holomorphic map from a compact Riemann surface C to 
pl ramified only over O, 1 and oo, and if ea = 1 or 3 when f (a) = 0 and eQ = 1 or 2 when f (a) = 1 
then the map f :C  ~ pl factors through J:B--* pl by the map O:C ~ B where B is the 
compactification f the Riemann surface ~ / r for some F c PS L2 ( Z) of finite index and J the 
associated map to px given by the inclusion F c PSL2(Z) s.t. O:C ~ B is an isomorphism. 
Hence we have the following commutative diagram 
C f > ~1 
o , ,  
B 
s.t. 0 is an isomorphism. 
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Proof. Let C' = C \ f -  1 {0, 1 }, then as f is ramified only over 0, 1, ~,  f :  C' --, pl \ {0, 1, oo } 
is a covering map. Hence we have a monomorphismf,:nl  (C') --, nl ( Pl\ {0, 1, oo}). We also 
have the standard map j , :n l (P l \{0,  1, oo})--, PSL2(7 ) induced by the identification of 
~,vt'/eSL2tZ) compactified with pl by means of thej  function. Composing these two we get a 
homomorphism from nl (C')--, PSL 2 (Z). Denote its image by r.  Then F is a subgroup of 
finite index of PSL 2 (Z). 
Let B be the compactification f the Riemann surface ~f~/r- With the notation as in the 
previous propositions we have J :B ' - ,  pl\ {0, 1, oo } is a covering map. 
Since J ,  (7 h (B')) = j ,  1 (F) we have f ,  (~1 (C')) ~ J ,  (nI(B'). Hence 30:C' -* B' factorizing 
the given mapf :C ' - ,  Pl\{0, 1, ~} 
B' 
C' ) pl \  {0, 1, oe } s.t. this diagram commutes. 
f 
It is obvious that 0 is a covering map. We can extend 0 to all of C and get a holomorphic 
map 0: C - ,  B. Since 0 is not ramified at the points of f -  1 { oo ) the ramification locus of 0 lies 
in f - l{0 ,  1}. 
Let a e C s.t. f(a) = 0. By the assumption e~ (f) = 1 or 3. If e~ (f) = 1 then eo (0) = 1 and if 
eo(f) = 3 then eo(a)(J) = 3 and hence e~(0) = 1. Hence for 0 there is no ramification at a. 
Similarly we can check that there is no ramification for 0 at a when f(a) = 1. 
Hence 0 is totally unramified. Therefore deg 0 = 1. 
Special Elliptic Surfaces 
Let J :  B --, P~ be a holomorphic map from a compact Riemann surface B to pl. Let 
B' = B\ { J -1 {0, 1, oo }. Let p:n~ (B')--, PSL 2 (Z) be the associated map as in §1. Let the 
notation be the same as in Proposition 1.5. Then we have 
PROPOSITION 2.3. There always exists a lift p' of p to SL  2 (Z) satisfying the following 
p'(~ti) = ld when P(~i) = ld 
(2) (p' (ct,)) = 1 1 
Let g = genus of B and e = # J -  1 (~)  then the number of such lifts possible is 2 2g +~- 1 
Proof'. Recall that 7 h (B') is a free group and can be written as a quotient of a free group on 
2g + r generators with one relation flxfl2fl-{ 1fl21 .. , fl~-gl 1 fl2g I cq . . . ct, = Id. Hence to give 
a lift p' of p is equivalent to giving lifts for the generators, which are compatible with the 
( -10)  
above relation. Since 0 -1  belongs to the center of SL2 (Z) it is possible to lift the 
generators ei for aie J -  1 {0, 1 } which satisfy conditions 2 and 3. 
At the remaining set of generators we have two choices for the lift at every generator. 
Since these chosen lifts have to be compatible with the relation f l l f l2f l i - l f l~l. . .  
f12-o L 1~2-01 el • • • e, = Id., it is clear that the number of such lifts possible is 2 2° +~-1 where e 
=ej-l{oo}. 
Now before coming to the definition of generalized elliptic modular surfaces we define a 
properties: 
(1) 
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strictly more general class of elliptic surfaces with a section. We call these surfaces pecial 
elliptic surfaces, 
Let J:B--* p~ be a holomorphic map ramified only over 0, 1 and zc, e,(J) = 1,2 or 3 
when J(a) = 0 and e,(J) = 1 or 2 when J(a) = 1. 
With the notation as in the Proposition 1.5 we know by Proposition 1.5 that the 
conjugacy class (p(~)) is determined by e,( J)  when J(a) = 0, 1 or oc. 
By Proposition 2.3 S a lift p': rq (B') -* S L 2 (~) of the map p:r  h (B') --* PSL 2 (2~) satisfying 
the properties listed in the prop. Such a lift determines a locally constant sheaf G with stalk iv 
0) iv on B. Then as stated in § 1 a unique elliptic surface ~0: X --* B with a section over B can be 
constructed for which J is the functional invariant and G is the homological invariant. We call 
this surface a special elliptic surface. Since the type of the singular fiber C a is determined by 
(p'(ct~)) [Ref, 1, p. 604], such a surface can have special fibers only of the t~pes Ib, I*(b > 1), 
II*, III*, IV*. Note that we have a unique special elliptic surface X for each lift p' ofp and two 
such lifts will give isomorphic elliptic surfaces if and only if the two representations of rh (B') 
are isomorphic. 
Generalized Elliptic Modular Surface 
Let F c PSL 2 (iv) be a subgroup of finite index. Let J : B --* pl be the map defined earlier. 
Then by Propositions 2.1 J is ramified only over 0, 1 and oc and e~(J) = 1 or 3 when J (a) = 0 
and eo (J) = I or 2 when J (a) = 1. Then for every lift p' to SL 2 (iv) of p: n 1 (B') --, PSL2 (Z) we 
get a special elliptic surface. We call this the generalized elliptic modular surface associated to 
the pair (F, p'). The singular fibers of the generalized elliptic modular surface can only be of 
the types Ib, I*(b > 1), III* and IV*. 
The term generalized elliptic modular is justified by the following proposition. 
PRPOPSITION 2.4. Let F c PS L 2 (iv) be a subgroup of finite index not containing elements 
of order 2. Denote p' (n I (B') ) by F'. Then - Id ¢ F' and the generalized elliptic modular surface 
associated to the pair (F, p') is the elliptic modular surface associated to F' c SL  2 (7t). 
Proof. Denote Ker p by K. Then to check - Id  e F' we only have to check that 
- Id  ~ p' (K). Now we have the following commutative diagram. 
zq(B') ~ F' 
~ ( pl \{0, 1, o0 }) --, PSL2(~') 
Since kernel of the map ~1 ( p l { 0, 1, oe } ) --. PSL 2 (iv) is the normal subgroup generated 
by e2 and e3 where • is a loop element which goes around 1 once with positive orientation and 
fl is a loop element which goes around 0 once with positive orientation, we have the following 
generators for K. 
~ when d(ai) = 0 and e,, = 1 
~i when J(ai) = 0 and ea, = 3 
oc/2 when J (ai) = 1 and ea, = 1 
ct i when J(ai) = l and ea, = 2. (01) 
By proposition 1.5 if there is ale B s.t. J (al) = I and ea, = i then (p (~i)) = - 1 0 
and hence of order 2. But since F does not contain an element of order 2 such an ai does not 
exist in B. 
All the remaining enerators of K are mapped to Id by p'. Hence p' (K) = Id and so 
- Ider ' .  
It is obvious that the generalized elliptic modular surface associated to the pair (F, p') is 
the elliptic modular surface associated to F' c SL  2 (~.). 
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By this proposition when F does not contain an element of order 2 giving a lift p' is 
equivalent to giving a splitting to SL2(Z) of the embedding F c PSL2 (Z). Hence when 
F c PSL2 (Z) does not contain elements of order 2 and p' a splitting to SL2 (Z) then we have 
a generalized elliptic modular surface associated to (F, p') which is elliptic modular. 
§3. 
THEOREM 3.1. An elliptic surface X over a base B with J non-constant has N = h L 1 and 
r = 0 if and only if J  is ramified only over O, 1, oo and % = 1, 2 or 3 when J (p) = 0, % = 1 or 2 
when J (p) = 1 and X has no singular fibers of the types I~, II, I I I  and IV. 
We shall need the following lemma to prove Theorem 3.1. 
LEMMA 3.2. Let tp: X ~ B be an elliptic surface with J as its functional invariant. Assume 
J is not constant. Let j = deg J. Let 
Ro= ~ (ea-1), R I= ~ (ea-1) and R'= ~ (ea-1). 
J(a)-O J(a)- I J(a) ~ O,l,oc 
Then 
7j _ ~(v(ll*)+v(IV))- ~a(v(IV*)+v(ll))- ½(v(lll*)+v(lll)) (3.3) Ro+Rt+R'  >~ 
and the equality is attained if and only if J is ramified only over 0, 1 and oo and e a = 1, 2 or 3 
when J (a) = 0 and ea = 1 or 2 when J(a) ffi 1. 
Proof. By [1, p. 604] and by Proposition 1.4 we can write j ffi ~13ki+Y.2(31j+l ) 
+ ]~a (3p~ + 2) where k~ > 1 V i, l~ > 0 V j, p~ > 0 V s, summation 1~ 1 is taken over all the 
smooth fibers and fibers of the type I~ in the set { Ca I J (a) = 0 }, 1~ a is taken over all the fibers 
of the type IV* and II, and Y~a is taken over all the fibers of the types II* and IV. 3ki, 31j + 1, 
3p, + 2 are ramification indices at these points. 
Then 
Ro = ~ (3k,- 1)+ ~2 a/ j+ ~3 (3p,+ 1) 
k~>l I~>0 p.>O 
and hence 
2j 
Ro - ~- + ] (v(IV*) + v(II)) + 31 (v(II*) + v(IV)) 
= E l  (k, -  1)+ ~-~2 lj "~" E3 Ps" 
k~>l Ij>0 p,>0 
Hence 
2j + ](v(IV*)+v(II))+ Ro- T 
and equality is attained iff ki = i V i, lj = 0 Vj Ps 
J + ½ (v (IIl*+ 
(v(II*) + v(IV) > 0 
= 0 V s. Similarly we can check that 
v(III)) 2 0 
and equality is attained iff ea = 1 or 2 when J (a) = 1. 
7j 
Combining these two together we get Ro + Rt + R' > ~- - ½ (v(III*) + v(III))- ] (v(IV*) 
+ v( I I ) )  - a 1(v(II*) + v(IV)) and equality is attained iffR' = 0 and e a = 1, 2 or 3 when J (a) = 0 
and ea = 1 or 2 when J(a) ffi 1. 
Proof of Theorem 3.1. Let E be the genus one curve associated to X over the generic 
point of B. Let E 1 be the Jacobian of E. Then E 1 is an elliptic curve with identity over the 
function field of B. Let X 1 be the Neron model of E 1. Then X ~ is an elliptic surface with a 
section over the base B. It is well-known that i fX has a singular fiber of the type mlb then X I 
has a singular fiber of the type lb and all the other singular fibers of X and X1 other than those 
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of the type mlo are the same. Since X 1 has a section it does not have any multiple fibers. 
Since Xtop(X) = Y-x(C3 where {C~ }1 ~i~ n are all the singular fibers of X and ;((mlo) = 0 
and ;((mlb) = ;((Ib) we have ;(top(X) = ;(top(X1). Since C 2 = 0 for both X and X 1 ;((Cx) 
= ; ( (c ;x l ) .  
Also q(X) = q(X ~) hence Pg (X) = Pg(X ~) and hence h l' ~ (X) = h i, 1 (X 1 ). The invariant J 
is same for both X and X ~, rank NS(X) = rank NS(X~). So we have N = h 1' l and r = 0 for 
X if and only i fN  = h L1 and r -- 0 for X l 
By this remark it is enough to prove the theorem in the case when X has a section over the 
base B. 
Let q~: X ~ B be an elliptic surface with J non-constant and with a section. Let { Ci } l ~i ~, 
be the set of singular fibers of X. Denote by m~ the total number of irreducible components in
the singular fiber C~. 
;(top(X) = ~ ; ( (Ci)  
i=1 
Hence 
X (Ci) = m~ when C~ is of the type I b 
= m~ + 1 when Ci is of any other type. 
Xtop(X ) m E mi + ~_, (mi  + 1) 
I b other 
singular fibers 
(where ~ denotes ummation over all singular fibers of the type Ib.) 
So 
= ~ mi+n--~_,v(lb) 
i = 1 I b 
Xtop(X) = 2 - 4q + 2Pe + h 1' 1 
h l ' l=  ~ mi+n-Ev( Ib ) -2+4q-2Pg .  
i = 1 I b 
On the other hand if N = dimoH 1 (X, f~c) c~ H 2 (X, Q) we have N = ~ (ra i - 1) + r + 2 
i=i 
where r is the rank of the associated Mordell-Weil group. 
So h 1'1 -N  = 2n-  ~'v( Ib) -4+4q--2Pg--r .  
lb 
By Proposition 1.3 q = genus of B. 
Let j  be the degree of the J function J:  B --* pl 
Then by Hurwitz formula 
2q - 2 = j ( - 2) + R where R = ~" (e. - 1). 
aEB 
Denote the sum ~ (%- l )  byRb. 
J(p)ffib 
Then R = R0 + R1 + R~o + R' where R' is the ramification over all the remaining points. 
Since J has a pole of order mi at al when the fiber over ai is of the type I b and a pole of order 
rn~- 5 at a~ when the fiber over a~ is of the type I~' we have 
R~ =~(m~- l )+ ~ (mi -6)  and j=~m,+ ~ (m~-5) 
I b 1~, I b I~ 
b~l  b~l  
So 
Ro~=j--~v(Ib)-- ~ (I~). 
I b Ig, b > 1 
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Denote 1 - q + Po by  6 then 
h L l _ N = 2n - ~ V(Ib) -- 2 + 2q -- 26 -- r 
lb 
substituting for 2 -  2q and R~ we get 
h ~'~ -N  = 2n--2~,V(Ib)--  ~, v ( I~) - j+Ro+R~+R' -2 t~- r  
bZl  
substituting for ~ by using the formula in Proposit ion 1.2 namely 
and for 
Ztop(X) = 126 - j + 6 ~ vI~') + 2v(II) + 10 v(II*) 
if 
+ 3 v(III) + 9 v(III*) + 4v(IV) + 8v(IV*) 
n = ~, v(I~ + v(I~) + ~, v(Ib) + v(II) + v(II*) 
1~ I b 
bZ l  
+ v(III) + v(IV) + v(IV*). 
(Note n = number of  singular fibers in tp: X - ,  B) 
We get 
h 1'1 - N -- v(I~) + a ~ v(II) + ½ v(II*) + 2 ~ v0ID + ½ v(III*) (3.4) 
7j 
+ ~ v(IV) + ~ v(IV*)- ~- + Ro + RI + R' - r. 
Combining this formula with lemma 3.2 we get 
h 1,1 _ N > {v (I~') + v(II) + v(III) + v(IV)} - r .  
Hence when the elliptic surface ~o: X - ,  B has the property 
N = h L~ and r = 0 we get 
v(I~) -- v(II) -- v(III) = v(IV) = 0 
and formula 3.4 gives 
7j _ ~ v(IV*) - 31 v(II*) - ½ v(I I I ' ) .  Ro+R 1 +R'  = 
So the equality is attained in 3.3, hence by lemma 3.2 J is ramified only over 0, 1 and go and e a 
= 1, 2 or 3 when J (a) = 0 and e a = 1 or 2 when J(a) = 1. Conversely let ~0: X --, B be an 
elliptic surface with a section satisfying the hypothesis in the theorem. 
The hypothesis gives v(II) = v(III) = v(IV) = v(I~) = 0 and R' = 0. Also by the hypo- 
thesis the necessary condition to attain equality in 3.3 is satisfied. 
hence by lemma 3.2 the equality is attained in 3.3 namely 
7j _ ] v(IV*) - 31 v(II*) - ½ v(III*). Ro+R 1 = 
Subst i tu t ing  in fo rmula  3.4 we  get h L 1 -N  = - r .  
Since h 1,1 _ N Z 0 and  r _> 0 this shows h L ~ = N and  r = 0. This proves the theorem. 
Note that an elliptic surface with a section satisfying the hypothesis in Theorem 3.1 is a 
special elliptic surface. The following two theorems further classify special elliptic surfaces. 
THEOREM 3.5. I f  an elliptic surface with a section, with J non-constant and no singular 
fibers of thle type I I*  has N ffi h 1'1 and r = 0 then it is generalized elliptic modular. 
Proof. By Theorem 3.1 the J function is ramified only over 0, I and ov and since there are 
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no singular fibers of the type II*, e, = 1 or 3 when J(a) = 0 and e, = 1 or 2 when J(a) = 1. 
Hence by Proposition 2.2 J factors through ~/ r  for some F, a subgroup of finite index of 
PSL2(Z  ) where ~'@/r denotes the compactification f the Riemann surface ~/ r .  
We have the following commutative diagram 
d 
B :, ~1 \ /  
~/r 
with 0 an isomorphism. 
Hence we have the following commutative diagram 
sG(z) 
n(B') ~ F c PSL2(  Z ) 
s.t. ~0: X --, B is the special elliptic surface associated to the lift p', hence it is the generalized 
elliptic modular surface associated to (F, p'). 
THEOREM 3.6. I f  an elliptic surface with a section with J non-constant and no singular fibers 
of the types I I* and I I I*  has h El = N and r = 0 then it is elliptic modular. 
Proof. By Theorem 3.5 the surface is generalized elliptic modular. If there is no fiber of 
the type III* then the ramification i dex is 2 at all the points in J -  1 { 1}. Hence as in the proof 
of Proposition 2.4 p' (nl (B')) does not contain - Id and p' gives a splitting of the embedding F 
c PSL2 (Z). 
Hence the generalized elliptic modular is elliptic modular associated p'(F) c SL2(Z). 
§4 
PROPOSITION 4.1. An elliptic surface tp : X ~ B with constant J and no singular fibers other 
than those of the type mIo(m > 1) has h 1'1 = N and r = 0 if and only if q = 1. 
Proof. By the remark at the beginning of the proof of Theorem 3.1 we can assume that tp 
has a section. Hence by hypothesis X has no singular fibers. 
Since X top (X) = ~ X (Ci) where { Ci } l s~a, are all the singular fibers of X we have Ztop(X) 
i= l  
= 0. Hence by Noether's formula 1 - q + pg = 0. Since ~(top(X) = 2 - 4q + 2pg + h ~' 1, this 
gives h 1' 1 = 2q. Since N = r + 2 we have h ~' 1 _ N = 2q - 2 - r which proves the proposition. 
For such a surface P9 = 0 and the genus of the base is 0 or 1. 
Let C be an elliptic curve and P2 denote the projection P2" C x Pl --, P1. Then this is an 
example of elliptic surface satisfying the properties in the above proposition. 
PROPOSITION 4.2. I f  an elliptic surface tp: X --* B with constant J and at least one singular 
fiber of the type other than mlo(m > 1) has h 1"1 = N and r = 0 then the base is pl. 
Proof. Since J is constant there are no singular fibers of the types Ib, I~' (b >-- 1). As in the 
proof of Theorem 3.1 we can assume that tp has a section over B. 
From the proof of Theorem 3.1 we have the formula 
h 1,1 -N  = v(I*) + ~3 v(II) + xa v(II*) + ~2 v(III) 
+ ½ v(III*) + -~ v(IV) + ~3 v(IV*) + 2q - 2 - r .  (4.3) 
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Since J is constant we have the following three possibilities for singular fibers occurring 
in the elliptic fibration. 
(a) I~, (b)I~, II, II*, IV, IV*, (c)I~, III, III* depending on whether (a) J(B)= constant 
other than 1 or 0, (b) J(B) ffi 0, (c)J(B) = 1. Hence when h 1'~ -- N and r = 0 we have the 
following three cases of equation (4.3). 
(a) v ( I * )+2q-2  =0 
(b) v(I*)+ 31v(II)+ ½v(II*)+ ~v(IV)+ ~v( IV*)+2q-2 = 0 
(c) v(I*)+ ~v(III)+ ½v(IIX*)+Zq-2 = 0. 
In all the three cases we have q = 0. Hence the base is px. 
§5 
In this section we give a few examples of special elliptic and in particular generalized 
elliptic modular surfaces. 
(1) Let F = PSL2(Z). 
Since e = # J -  x { ~ } = 1, by Proposition 2.3 there is only one lift p' with the properties 
listed in the prop. The associated generalized elliptic modular surface has P~ as its base and 
three singular fibers out of which two are of the types III* and IV* and the third is either of 
the type I* or I~. 
Since q=0 we have by Proposition1.2, 12(Pg+1)= 1+6Y~v(I*)+8+9. Hence 
Y.v(I*) = 1 and P9 = 1 and hence the third singular fiber is of the type I*. 
This is a K-3 surface. Since the group of sections is both two torsion as well as three 
torsion, it is trivial (3, Remark 1.10) and the discriminant of the lattice of transcendental cycles 
(4, p. 120) of this surface is 24. 
(2) Let F = F0 (2) (5, p. 24). 
This is a subgroup of index 3 in PSL2 (Z) with one elliptic point of order 2 and two cusps 
(5, p. 25). 
Hence by Proposition 2.3 there are two lifts p' with the properties listed in the prop. The 
associated generalized elliptic modular surfaces have px as their base and three singular fibers 
of which one is of the type III*. 
Since q = 0 by Proposition 1.2, 12(P 0 + 1) = 3 + 6 ~ v(I~') + 9 
Hence Zv(I*) = 0 or = 2 depending on the lift p'. 
When Y.v(I*) = 0 the associated generalized elliptic modular surface is a rational surface with 
three singular fibers of the types III*, Ia, 12. 
When Y. v(I*) = 2 the associated generalized elliptic modular surface is a K-3 surface with 
three singular fibers of the types III*, I*, I*. 
(3) Let J: px ~ pl be deg 2 map ramified over 0 and 1. Since e =#J -~{oo} = 2. By 
Proposition 2.3 there are two lifts p' with the properties listed in the prop. The associated 
special elliptic surfaces have pl as their base and three singular fibers of which one is of the 
type II*. 
Since q = 0 by Proposition 1.2, 12(Pg + 1) = 2 + 6(Ev(I*)) + 10 
Hence Zv(I*) = 0 or 2 depending on the lift p'. 
When Y~ v (I*) = 0 the associated special elliptic surface is rational with three singular fibers of 
the types II*, Ix, Ix. 
When ~v(I*) = 2, the associated elliptic surface is K-3 with three singular fibers of the 
types II*, I*, I*. 
Since there is a fiber of the type II* the M-W group of this K-3 surface is trivial. (3, 
Remark 1.10) and the discriminant of the associated lattice of transcendental cycles is 16. 
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